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In the standard Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) cosmological model, the energy conditions
provides model-independent bounds on the behavior of the distance modulus. However, this method can not
provide us the detailed information about the violation between the energy conditions and the observation. In this
paper, we present an extended analysis of the energy conditions based upon the entropy density of the universe.
On the one hand, we find that these conditions imply that entropy density s depends on Hubble parameter H(z).
On the other hand, we compare the theoretical entropy density from the conservation law of energy-momentum
tensor with that from the energy conditions using the observational Hubble parameter. We find that the two kinds
of entropy density are in agreement, only when the present-day entropy density satisfies 0.0222 ≤ s0 ≤ 0.7888.
We also obtain that the strong energy condition (SEC) accords with the first law of thermodynamics in the
redshift range z < 2.7, the null energy condition (NEC) at z < 3.2 , and the dominant energy condition (DEC)
at z > 2.6. In addition, the energy conditions gives the deceleration parameter 0 ≤ q(z) ≤ 2, which is in a
predicament of the accelerated expansion of the universe. In particular, the NEC suggests q(z) ≥ 53 .
PACS numbers: 98.80.Es, 98.80.Bp, 98.80.-k
I. INTRODUCTION
Over the past decade many evidences for an accelerated
expansion of the universe has been found with several inde-
pendent cosmological probes, such as the supernova (SN) Ia
observations [4-8,29], cosmic microwave background (CMB)
[9-11], baryon acoustic oscillations (BAO) [12-14], integrated
Sachs-Wolfe effect [15-17], galaxy clusters [18-21] and strong
gravitational lensing [22]. There are various attempts to ex-
plain the acceleration, from dark energy to modified grav-
ity. Combined analysis of the above cosmological observa-
tions support that an approximately 26% of cold dark matter
(CDM) and the other part 74% dominated by an unknown ex-
otic component with negative pressure-driving the current ac-
celeration. In order to study the physical properties that hold
for a variety of matter sources, Hawking and Ellis found the
so-called energy condition[1-3,36], which are invoked in Gen-
eral Relativity to restrict general energy-momentum tensors.
Because these conditions do not require a specific equation of
state of the matter in the universe, they provide very simple
and model-independent bounds on the behavior of the energy
density, pressure and lookback time. Therefore, the energy
conditions is one of many approaches to understand the evo-
lution of universe.
However, what can we learn from the energy conditions? In
1997, Visser [23] found that current observations indicate that
the strong energy condition is violated at some time between
the epoch of galaxy formation and the present. This violation
implies that no possible combination of normal matter is ca-
pable of fitting the observational data. In Ref. [24,25,28], the
conditions is further investigated and found that all the energy
conditions seem to be violated at lower redshift. However, this
approach has also its own limitations. For example, it neither
provide us the detailed information about the acceleration ex-
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pansion, nor the reason of confrontation between the energy
conditions and the observation.
In 1934, Tolman studied the principle of entropy increase
on a periodic sequence of closed Friedmann-Robertson-
Walker universes (Tolman 1934; North 1965). He found that a
steady increase of entropy leads to growing of radiation pres-
sure. As previous works have stated, energy conditions are a
series of inequalities between energy density ρ and pressure p.
Indeed, it is a challenge to determine the evolution of energy
density and pressure. From a theoretical point of view, it is
not only important to clarify the relationship between energy
conditions and entropy, but, whether the energy conditions is
appropriate to describe the acceleration. This problem moti-
vates us to study the influence of energy conditions on entropy
density of the universe and the deceleration parameter q(z).
This paper is organized as follows. In Sec. II, the en-
ergy conditions are briefly introduced. Next, in section III
we primarily discuss the detailed evolution of entropy density
on the strength of energy conditions and laws of thermody-
namics, respectively; and then we give the behavior of the
first-order derivative and second-order derivative of entropy
density. Moreover, we compare the behavior of entropy den-
sity with Hubble parameter H(t). In section IV, we present the
influence of energy conditions on the deceleration parameter
q(z). The conclusions and discussion are given in Sec. V.
II. ENERGY CONDITIONS
Within the framework of the standard Friedmann-Lemaıˆtre-
Robertson-Walker (FLRW) model, the energy-momentum
tensor for the perfect fluid can be described by
Tµν = (ρ + p)uµuν + pgµν. (1)
The total energy density ρ and pressure p of the cosmological
fluid as a function of scale factor a(t) are respectively given
2by
ρ =
3c2
8piG [
a˙2
a2
+
kc2
a2
], (2)
p = −
c2
8piG [2
a¨
a
+
a˙2
a2
+
kc2
a2
], (3)
where k denotes the spatial curvature constant with k = +1,
0 and −1 corresponding to a closed, flat and open universe,
respectively. When we consider a FLRW universe, the null,
weak, strong, and dominant energy condition can be ex-
pressed as the following forms (e.g. [1,2,3,38]):
NEC ⇐⇒ ρ + p ≥ 0 ,
WEC ⇐⇒ ρ ≥ 0 and ρ + p ≥ 0 ,
SEC ⇐⇒ ρ + 3p ≥ 0 and ρ + p ≥ 0 ,
DEC ⇐⇒ ρ ≥ 0 and − ρ ≤ p ≤ ρ . (4)
Thus, using Eq. (2) and (3) we can easily rewrite the energy
conditions as a set of dynamical constraints on scale factor a(t)
NEC : − a¨
a
+
a˙2
a2
+
kc2
a2
≥ 0 ,
WEC : a˙
2
a2
≥ 0 ,
SEC : a¨
a
≤ 0 ,
DEC : a¨
a
+ 2[ a˙
2
a2
+
kc2
a2
] ≥ 0. (5)
Throughout this paper, we will neglect the WEC , given that
this formula is always reasonable for arbitrary real a(t). Here-
after, we use the natural unity, i.e., ~ = c = G = kB = 1.
III. THE ENERGY CONDITIONS FOR ENTROPY
DENSITY
In classical thermodynamics, the basic quantities are tem-
perature T , heat Q, work W, internal energy (actually thermal
energy or simply heat) U and entropy S . The classical first
law is written as
△ U = W + Q. (6)
For an inviscid fluid, the work is given by dW = −pdV , where
V is the volume and p is the pressure of the fluid, so that the
first law can reduce to
dU = dQ − pdV. (7)
The classical second law can be read as
TdS ≥ dQ = dU − dW. (8)
It is clearly that energy is an element to characterize proper-
ties of entropy. Especially, it becomes quite important for an
adiabatic process. Because the energy conditions renders very
simple and model-independent bounds associated with energy
density ρ and pressure p, it does provide an essential approach
which is instructive to understand the entropy of the universe.
For the perfect fluid, the conservation law of energy-
momentum tensor reads
T µν;µ = 0. (9)
In an expanding universe, it can be written as [26]
a−3T
∂
∂t
[ (ρ + p)a
3
T
] = 0. (10)
As a result, the entropy density can be defined by
s ≡
ρ + p
T
, (11)
which is proportional to a−3, namely
s = s0(a0
a
)3, (12)
where s0 is a constant, and the subscript 0 means that the quan-
tity is evaluated today. Using
1 + z = a0
a
, (13)
and combining Eq.(12) with Eq. (13), we get
s = s0(1 + z)3. (14)
Since s0 > 0, we easily infer that entropy density s increases
with the redshift z. To simplify discussion, we focus our at-
tention only on the flat universe (k = 0). Thereby, the energy
conditions (5) can be rewritten as
NEC : s−2[49(
ds
dt )
2 + s
d2s
dt2
] ≥ 0,
SEC : s−2(dsdt )
2 + s−1
d2s
dt2
≥ 0,
DEC : s−2(dsdt )
2 + 3s−1 d
2s
dt2 ≤ 0. (15)
In fact, in terms of the Hubble parameter
H =
a˙
a
= −
1
3 s
−1 ds
dt , (16)
the energy conditions can further be expressed as
NEC : H(s) ≥ H0s−13/9,
SEC : H(s) ≥ H0s−2,
DEC : H(s) ≤ H0s−4/3, (17)
where H0 = a˙(t)/a(t)
∣∣∣
z=0 = 100h km sec
−1 Mpc−1 is the Hub-
ble parameter today. For a flat universe, the WMAP 7-year
data give H0 = 71.0 ± 2.5 km sec−1 Mpc−1 [39].
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FIG. 1: Entropy density as a function of the redshift. The dots repre-
sent the entropy density which are derived from Eq. (18), using the
observational Hubble parameter data (OHD). The data are given in
Table 1. The dashed curve, solid curve, respectively, corresponding
to s0 = 0.7888, 0.0222, are theoretical prediction based on Eq. (14).
More detailed description is in the main body of the text.
TABLE I: The set of available observational H(z) data (OHD)
Redshift z H(z) ± 1σ error a References
0.09 69 ± 12 [27,41]
0.17 83 ± 8 [41]
0.24 79.69 ± 2.65 b [42]
0.27 77 ± 14 [41]
0.4 95 ± 17 [41]
0.43 86.45 ± 3.68 b [42]
0.48 97 ± 62 [41]
0.88 90 ± 40 [41]
0.9 117 ± 23 [41]
1.3 168 ± 17 [41]
1.43 177 ± 18 [41]
1.53 140 ± 14 [41]
1.75 202 ± 40 [41]
aH(z) figures are in the unit of km s−1 Mpc−1 .
bIncluding both statistical and systematic uncertainties: σ =
√
σ2sta + σ
2
sys.
A. Entropy density
Here, we focus in the constraints on the entropy density.
Using Eq. (17), we can obtain
NEC : s ≤ ( H(z)
H0
)−9/13,
SEC : s ≤ ( H(z)
H0
)−1/2,
DEC : s ≥ ( H(z)
H0
)−3/4. (18)
To get the entropy density with observational data, we use
the observational Hubble parameter H(z) and H0, and sub-
stitute them into the Eq. (18). The observational Hubble
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FIG. 2: Comparison of entropy density s for two different cases.
The dotted line, dash-dotted line, dashed line are speculated by NEC,
SEC, DEC, respectively. The solid line corresponds to the first law
of thermodynamics (FLT). It is evident that the constraints on the
entropy density posted by the energy conditions and FLT have very
different evolutional traits.
parameter H(z) are given in Table 1, and the H0 is given in
Ref. [39]. On the other hand, using the conservation law
of energy-momentum tensor, entropy density is satisfied the
Eq. (14). Therefore, we can compare the theoretical entropy
density based on Eq. (14) with that from the energy condi-
tions Eq. (18) which the observational Hubble parameter is
used. As a result, we can find that these two kinds of entropy
density are in agreement, only when the present-day entropy
density satisfies 0.0222 ≤ s0 ≤ 0.7888. In figure 1, we plot
this result. The dots represent the entropy density which are
derived from Eq. (18), using the observational Hubble param-
eter data (OHD). The dashed curve, solid curve, respectively,
corresponding to s0 = 0.7888, 0.0222, are theoretical entropy
density based on Eq. (14). Clearly, these conditions show
that the bound of entropy density s depends on H(z), or the
dimensionless Hubble parameter, expansion rate
E(z) = H(z)
H0
=
√
Ωm(1 + z)3 + ΩR(1 + z)4 + ΩΛ + Ωk(1 + z)2,
(19)
which strongly and explicitly depends upon the four cosmo-
logical parameters, non-relativistic matter energy density pa-
rameter Ωm = 8piGρm/(3H20), relativistic matter energy den-
sity parameter ΩR = 8piGρR/(3H20), vacuum energy density
parameter ΩΛ = 8piGρΛ/(3H20), spatial curvature parameter
Ωk ≡ −k/(a20H20) and redshift z. Based on the observational
Hubble parameter H(z) data, we get that constraint from NEC
and SEC on entropy density s becomes stronger with the in-
creasing redshift z. However, in contrast, the constraint from
DEC becomes weaker (see Fig. 1). We also find that the theo-
retical value of entropy density given by Eq. (14) is in agree-
ment with the the energy conditions, only when the present-
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FIG. 3: The ds/dt vs entropy density s based on Eq. (31). Note that
the constraint on ds/dt from NEC and SEC become stronger with the
decreasing entropy density s.
day entropy density satisfies 0.0222 ≤ s0 ≤ 0.7888. The cos-
mological density parameter of the basic ΛCDM model given
by the WMAP 7-year data [39, 40] are, respectively, the phys-
ical baryon density Ωbh2 = 0.02258+0.00057−0.00056, the physical cold
dark matter density Ωch2 = 0.1109± 0.0056, and the dark en-
ergy density ΩΛ = 0.734 ± 0.029. Therefore, the expansion
rate is E(z) =
√
0.2648(1+ z)3 + 0.734. Eventually, we have
NEC : s ≤ [0.2648(1+ z)3 + 0.734]−9/26,
SEC : s ≤ [0.2648(1+ z)3 + 0.734]−1/4,
DEC : s ≥ [0.2648(1+ z)3 + 0.734]−3/8. (20)
The Eq. (20) is illustrated in Figure 2. The dotted line,
dash-dotted line, dashed line are speculated by NEC, SEC,
DEC, respectively. We note that the constraint from NEC and
SEC become stronger with the increasing redshift z, which is
the same as Figure 1. At present, it reaches the same max-
imum value 1. That is to say, it is not easy to distinguish
these conditions now. As the second law of thermodynamics
described, the entropy S always inevitably increases. On the
other hand, the universe is expanding all the time. How does
the entropy density evolve? Next we will study the energy
conditions from the thermodynamics in §A.1 and compare
the change rate of entropy density with expand rate-Hubble
parameter in §B.1.
1. The first law of thermodynamics
Now we turn our attention to the thermodynamics feature of
the entropy density. Before the development of the kinetic the-
ory of heat, thermodynamics was applied under the assump-
tion that matter is a continuum [37]. A major step to the under-
standing of entropy and of the second law of thermodynam-
ics was made following Boltzmann’s statistical interpretation
about entropy. It is a notable relationship between entropy and
the total number of microstates of a system. Macroscopically,
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FIG. 4: Plot of d2 s/d2t as a function of entropy density s from Eq.
(31). The 2rd derivative of s displays an evolutional trend similar
to the 1st derivative. We also note that it is difficult to present the
threshold of d2 s/d2t at DEC.
the system is represented by volume, number of particles and a
given energy. In addition, the second law of thermodynamics
is deemed as an absolute law, i.e., entropy always increases in
a spontaneous process in an isolated system-the so called prin-
ciple of entropy increase. This is not different from Newton’s
laws which are always obeyed-no exception. To study rela-
tionship between entropy and the total energy, many works
were made.
In a closed physical system, e.g., a sphere in three spatial
dimensions, the Bekenstein bound [30], the ratio of the total
entropy S to total energy E, can be expressed as
S
2piRE
≤ 1, (21)
where R denotes the radius of the sphere. This idea has re-
cently been further elaborated in Ref. [31,32].
For a FLRW universe, we take the standard form of the first
law of thermodynamics [34]
TdS = dE + pdV, (22)
where the total entropy S = sV , the total energy E = ρV ,
the volume of universe V = 43pir
3
H , respectively. The Hubble
horizon for a flat universe is given by
r˜H =
c
H
. (23)
Substituting S , E, V into Eq.(22), we obtain
Td(sV) = d(ρV) + pdV. (24)
It can be further reduced to
(Tds − dρ)V = (ρ + p − T s)dV = 0, (25)
where the Eq. (11) is used. For arbitrary volume, we can
obtain
Tds − dρ = 0. (26)
5If the temperature corresponding to the apparent horizon is
defined as [33]
T =
~c
2pikB˜rH
, (27)
Eq. (26) can be equivalent to
ds = 2pikB
~c
c
H
dρ. (28)
Substituting Eq. (2) into (28), for k = 0, we have
s =
3
2
kBc2
G~
H. (29)
Consequently, using the natural unity, the Eq. (29) can be
simplified to
s =
3
2
H(z).
We note that here the entropy density s depends on the Hub-
ble parameter H(z), which is consistent with the energy condi-
tions. In Figure 2, we try to show a comparison between these
two kinds of results, i.e. entropy density from the energy con-
ditions and that from the first law of thermodynamics. The
solid line is obtained from the first law of thermodynamics.
The dotted line, dash-dotted line and dashed line are obtained
from the energy conditions Eq. (20). Note that the entropy
density increases with the increasing redshift z. We can also
obtain that the SEC, NEC, DEC favor the first law of thermo-
dynamics at redshift z < 2.7, z < 3.2, z > 2.6, respectively.
By the way, if we adopt the above form of S , E and r˜H , the
Bekenstein bound can be read as
s ≤ 2pic ρ
H
. (30)
B. Derivatives of entropy
In order to further study the evolution of entropy density, we
should discuss its derivatives from energy conditions. From
Eqs. (15)-(17), the energy conditions can be expressed in the
form of its derivatives
NEC : dsdt ≤ −3H0s
−4/9,
d2s
dt2
≥ −4H20 s
−17/9;
SEC : dsdt ≤ −3H0s
−1,
d2s
dt2
≥ −9H20 s−17/9;
DEC : dsdt ≥ −3H0s
−1/3,
d2s
dt2 ≤ −
1
3 s
−1(dsdt )
2. (31)
We find that these derivatives almost all directly depend on
entropy density itself. Unfortunately, it is difficult to present
the threshold of d2s/dt2 at dominant energy condition (DEC),
because s is coupled with the square of ds/dt.
The first-order evolution and second-order evolution of en-
tropy density are presented in Figure 3 and Figure 4, respec-
tively. They both show that their values are negative. Because
the entropy density value is positive, the energy conditions
predicts that the entropy density decreases in the expanding
universe. As described in Figure 3, the constraint from NEC
is stronger than other two cases. However, these curves inter-
sect at the point s = 1.
As in Figure 4, if we take the range of present-day entropy
density s0 ∈ (0.0222, 0.7888), we can get the corresponding
redshift z ∈ (0.8507, 6.6657), s ∈ (5, 10). NEC implies that
d2s/dt2 tends to zero. For SEC, the d2s/dt2 tends to zero
when z ∈ (0.9667, 6.6657). In addition, when s > 10, i.e., the
redshift z > 6.6657, d2s/dt2 has no value. But when s < 5,
i.e., the redshift z < 0.9667, entropy density is in accelerated
decrease.
1. Ratio of derivative to Hubble parameter
In Boltzmann’s interpretation of entropy, the correlation of
entropy with disorder is perhaps the earliest, and has its own
roots. Increase in entropy can be associated with increase in
order. That is to say, entropy characterize the degree of dis-
order of a system. Higher entropy indicates the system is in
“confusion” and “scatter”, while lower entropy indicates the
system is in “order ” and “gather”. In a free expansion pro-
cess, particles change from gather to scatter. The process of
work converted into heat energy, is from order to disorder, i.e.,
a process of entropy increase. In a local region, we compare
the evolution rate of entropy density with Hubble parameter.
In terms of Eq. (16) and Eq. (31), the energy conditions can
be expressed as
NEC : s˙/s
a˙/a
≤ −3,
SEC : s˙/s
a˙/a
≤ −3,
DEC : s˙/s
a˙/a
≥ −3, (32)
It shows that the ratio is a constant, independent of redshift
z. Eventually, the ratio divides the energy conditions into two
parts.
IV. DECELERATION PARAMETER
The cosmic accelerated expansion was primarily inferred
from observations of distant type Ia supernovae (SNe Ia; Riess
et al. 1998; Perlmutter et al. 1999). It indicates that the
unexpected gravitational physics, which a kind of energy with
negative pressure-so called dark energy, plays an important
role in the evolution of the universe.
The dark energy model with the Equation of State (con-
stant) w < −1/3 makes a positive contribution to the acceler-
ation of the universe, while the model with w = −1/3 has ef-
fect on neither the acceleration nor deceleration. On the other
hand, because there still exists difficulty in the accurate treat-
ment of the defect of cosmological models, these models have
6not been very thoroughly studied (Spergel & Pen 1997). Due
to this motivation, many works were made to test these cosmic
defect models. For example, the properties ofΩDE−ΩM plane
was used to test them in Ref. [35]. It is interesting to investi-
gate the behavior of the universe from the energy conditions.
The generalized epoch-dependent deceleration parameter can
be defined as q(z) = −a¨/(aH2(z)). As seen from this defi-
nition, the accelerated growth of the cosmic scale factor a(t)
means a¨(t) > 0 which corresponds to q(z) < 0, while the de-
celerated growth of its a¨(t) < 0 corresponding to q(z) > 0.
From Eq.(12) and (16), we obtain
q = 3[1 + s(dsdt )
−2 d2s
dt2
]. (33)
Substituting Eq. (15) into Eq. (33), the energy conditions give
NEC : q(z) ≥ 53 ,
SEC : q(z) ≥ 0,
DEC : q(z) ≤ 2. (34)
From Eq. (34), we can obviously obtain 0 ≤ q(z) ≤ 2. That
is to say, the universe was undergoing deceleration expansion,
which is not in agreement with several independent cosmo-
logical probes, such as SN Ia data, CMB, BAO [4-14].
V. CONCLUSIONS AND DISCUSSION
Although some previous works have pointed out some en-
ergy conditions violate the observational data, it did not pro-
vide us the the detailed information. In this paper, we present
an extended analysis of the energy conditions on entropy den-
sity. It is provided that entropy density increases with the in-
creasing redshift z. Meanwhile, they give the bound of entropy
density, respectively. Comparing with the observational Hub-
ble parameter, we estimate that the present-day entropy den-
sity may be 0.0222 ≤ s0 ≤ 0.7888. Considering the first law
of thermodynamics, we have found that s was proportional to
Hubble parameter H(z). Generally speaking, entropy stands
for the degree of disorder of the system, while Hubble param-
eter stands for the expansion rate of universe. Based on these
physics, we also investigate the ratio of the evolution rate of
entropy density to the Hubble parameter of universe. It shows
that the ratio is a constant, independent of redshift z. Even-
tually, the ratio divides the energy conditions into two parts.
At the transition redshift zT , the universe reaches a¨(zT ) = 0
or q(zT ) = 0 and evolves from decelerated to accelerated ex-
pansion. In Ref. [5,35], they point out the transition redshift
zT = 0.46±0.13. Finally, it is worth emphasizing that we have
applied the energy conditions to deceleration parameter q(z).
They indicated that 0 ≤ q(z) ≤ 2, which is independent of
redshift z. In summary, the energy conditions indicates that:
when 0.9667 < z < 6.6657, the universe was constantly ex-
panding; and when z ≃ 0.9667, the universe is in accelerated
expansion. On the other hand, discussion above reveal that
the null, strong, and dominant energy conditions only can be
applied to the redshift range z < 6.6657.
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